Abstract. We review the supersymmetric localization of N = 2 theories on curved backgrounds in four dimensions using N = 2 supergravity and generalized conformal Killing spinors. We review some known backgrounds and give examples of new geometries such as local T 2 -bundle fibrations. We discuss in detail a topological foursphere with generic T 2 -invariant metric. This review is a contribution to the special volume on recent developments in N = 2 supersymmetric gauge theory and the 2d-4d relation.
Introduction
Non-perturbative exact results in interacting quantum field theories (QFTs) are rare and precious and usually we explain them using non-trivial symmetries of QFT, such as quantum groups in the theory of quantum integrable systems [1] [2] [3] . Another instrumental symmetry for exact results in QFTs is supersymmetry. For example, Seiberg-Witten solution [4] of four-dimensional N = 2 supersymmetric field theories is explained by rigid constraints imposed by N = 2 supersymmetry on the low-energy effective Lagrangian and certain assumptions on electric-magnetic duality. Exact non-perturbative results in supersymmetric QFTs are suited for strong tests of non-perturbative dualities between QFTs that have different microscopic description, they give a practical approximation to interesting physical phenomena in nonsupersymmetric QFTs, and they open new perspectives on fascinating geometrical spaces such moduli spaces of instantons, monopoles, complex structures, flat connections, and others.
A fruitful non-perturbative approach is supersymmetric localization. In finite dimensional geometry localization appeared in the Lefchetz fixed-point formula, DuistermaatHeckman and Atiyah-Bott formula for integration of equivariantly closed differential forms [5] . In [6] Witten generalized the localization formula for the infinite-dimensional geometry of the path integral of supersymmetric quantum mechanics. Similar approach was proposed to two-dimensional sigma models [7] , four-dimensional gauge theories [8] and others. The similarity of these constructions is the topological twist of a given supersymmetric QFT. The topological twist introduces a certain background connection for the local internal R-symmety of the theory. Usually, this connection is such that there exists a scalar fermionic supersymmetry generator Q for a QFT coupled to a generically curved background metric. In topologically twisted theories the stressenergy tensor is Q-exact, and, consequently, the theory is metric independent. A further twist to the supersymmetric localization of gauge theories, called ǫ-equivariant deformation or Ω-background R volume), quantum groups [2, 3] and integrable systems [14] . For a recent study of the instanton partition function Z ǫ 1 ,ǫ 2 for a large class of quiver theories see [15, 16] . A profound connection between four-dimensional gauge theory supersymmetric objects (BPS) and two-dimensional conformal field theories (CFT), called BPS/CFT correspondence in [17] , was a subject of long research [9, 13, [18] [19] [20] [21] [22] .
Another version of localization was used in [23] for N = 2 supersymmetric gauge theory on a four-sphere S 4 with an insertion of a Wilson operator [23] or t'Hooft operators [24] . The topological twist is not necessary because of rich OSp(2|4) symmetry that N = 2 QFT on S 4 has. A similar localization was later performed for gauge theories on S 3 [25] , on S 2 [26, 27] , on S 5 [28, 29] , on squashed S [32] and other geometries. For a review of 3d localization in this volume see [V:5] , for a review of line operators (such as Wilson and 't Hooft operators) in 4d gauge theory see review [V:6] in this volume, and for review of surface operators see [V:8] . The four-sphere partition function of the N = 2 gauge theory of class S g (see [V:1] in this volume) turned out to be equal to the correlation function of the 2d conformal g-Toda theory, the statement known as AGT conjecture [33] , which provided explicit beautiful realization of the 4d/2d BPS/CFT correspondence. For a review of AGT conjecture (4d/2d BPS/CFT correspondence) in this volume see [V:9] , for review of the superconformal index see [V:11] and for a review of the 3d/3d version of the BPS/CFT correspondence see [V:10] .
A general procedure to construct a QFT on a curved manifold with some amount of supersymmetry is to couple QFT with supergravity, choose the supegravity background fields in such a way that there exists a non-trivial supersymmetric variation under which these background fields are invariant and then freeze the supegravity fields. This construction was explored for N = 1 supersymmetric four-dimensional theories in [34] .
In this note we will partially analyze off-shell N = 2 supersymmetry backgrounds suitable for localization, and review the case of the four-sphere [23] with a generic T 2 -invariant deformation of the metric. We employ the formalism of N = 2 supergravity known as superconformal tensor calculus, see [35] [36] [37] [38] and reviews [39, 40] . For alternative analysis of N = 2 supegravity localization backgrounds see [41] .
Acknowledgements. The author is grateful to Kazuo Hosomichi for the correspondence while preparing this review and discussion of the results of [32] , and Takuya Okuda for the elaborate comments on the manuscript.
2. N = 2 supergravity 2.1. Gravity multiplet. A way to construct N = 2 Poincare supergravity is to promote the N = 2 superconformal symmetry to local gauge symmery and introduce associated gauge fields. The gauge fields are combined with auxiliary fields to form Weyl multiplet. The notations are collected in the table 2.1.
The gauge fields (ωμν µ , fμ µ , φ i µ ) associated to the rotation, the special conformal symmetry and the special conformal supersymmetry are expressed in terms of the 
other fields from the constraints on superconformal covariant curvaturesR for the fields eμ µ , ωμν µ , ψ i µ . It is convenient to use 6d spinorial notations for the spinors of 4d N = 2 theories under dimensional reduction. We use index conventions from appendix A and chirality conventions as in 2.2. 
To find the action of the N = 2 Poincare supergravity interacting with n V vector multiplets and n H hypermutiplets one considers Weyl multiplet coupled with n V + 1 vector multiplets and n H + 1 hypermultiplets and then uses one vector multiplet and one hypermultiplet as auxiliary fields to gauge fix the non-Poincare superconformal gauge symmetries and to integrate out non-Poincare supergravity fields. Finally, one gets the on-shell physical fields of the Poincare N = 2 supergravity: the frame eμ µ , the gravitino doublet ψ
From the first equation the conformal supersymmetry parameter η can be expressed in terms of the Poincare supersymmetry parameter ε as
where we used (A.33). Later we use this relation to substitute η i with 
Here R denotes the scalar curvature (A.38) of the background metric. The equations (2.3) are called generalized conformal Killing spinor equations, and the spinor ε is called generalized conformal Killing spinor.
The generalized conformal Killing spinor equations transform covariantly with respect to local Weyl transformation
with the weights
Therefore the solutions can be classified by their conformal class. The generalized conformal Killing spinor equations, similarly to the conformal Killing equations, can be rewritten as the generalized parallel transport equations on the section of doubled spinorial bundle
for certain D µ . This representation could be useful to classify the solutions. The solution to the generalized conformal Killing equations is particularly simple for conformally flat background with vanishing auxiliary field T µνa , flat R-symmetry gauge connection and vanishing auxiliary scalar M. In the flat R 4 coordinates x µ , the solution is simply
where ε i and η i are arbitrary constant spinor parameters associated with translational and special conformal supersymmetry respectively. The maximal dimension of the space of solutions to the parallel transport equation in a bundle is the rank of this bundle. We see that the conformally flat background with flat R-symmetry connection and vanishing T µνa is maximally supersymmetric. The 16 sections are generated by 8 components ofε and 8 components ofη.
It would be interesting to find the complete classification of the solutions to the generalized conformal Killing equation with various amounts of supersymmetry. In this note we will focus on particular backgrounds interesting for the localization of gauge theories.
2.2.
Vector multiplet. The 4d N = 2 vector multiplet (A m , λ i , Y ij ) includes the gauge field A µ and two real scalar fields Φ a combined into the reduction of 6d gauge field (A m ) = (A µ , Φ a ), the SU(2) R -doublet of gaugino fermions λ i , and the SU(2) Rtriplet of auxiliary fields represented by the matrix Y ij symmetric in (ij). The gaugino λ i is the reduction of the SU(2) R -doublet of 6d Weyl spinors of chirality +1 for γ 6d * . The spinor fields from the SU(2) R -doublet enter into the Lagrangian and supersymmetry variation holomorphically, their complex conjugates never appear in the Euclidean formulation of the theory.
The supersymmetry variation for the vector multiplet is
where there are two extra two terms for δλ i compared to the standard translational supersymmetry. In our conventions the supersymmetry parameters ε i , η i are bosonic and δ ε,η is fermionic, for a field φ the field δ ε,η φ has opposite statistics of φ. 
If ε and η = 
The variation δ (εγ m ε) (2.10)
The scalar components m ≡ a generate the gauge transformation by v a Φ a . The Lagrangian of 4d N = 2 vector multiplet coupled to the Weyl gravity multiplet can be found in [37] [38] [39] , or [40] page 433
Provided ε and η = 
Generalized conformal Killing spinor
Presently the complete classification of the solutions to the generalized conformal Killing spinor equation (2.1) is not available. We list some known examples. In all these examples the U(1)R connection is set to zero, the square of the supersymmetry transformation δ 2 ǫ generates isometry transformation and possibly SU(2) R transformation but without dilatation and U(1)R transformation.
3.1. Topologically twisted theories. One simple class of solutions which exists on any smooth 4-manifold is the Donaldson-Witten topological twist [8] . One sets R-symmetry SU(2) R connection to compensate right component of the Spin(4) = SU(2) L × SU(2) R spin-connection. In the twisted theory the 8 components of the 4d N = 2 spinor generators transform as a one-form, self-dual two-form and scalar. The scalar component yields the scalar supersymmetry charge defined on any smooth 4-manifold. The theory localizes to the instanton configurations F + A = 0.
3.2. Omega background. Another example is the equivariant twist of the topologically twisted theory on any manifold with U(1) isometry. To construct such theory, one uses a combination of the scalar supersymmetry of the topologically twisted theory and the one-form supercharge contracted with the vector field that generates U(1) isometry. Localization of such theory on R 4 counts equivariant instantons and gives Nekrasov partition function [9] [10] [11] [12] 44] , with two equivariant parameters ǫ 1 , ǫ 2 , each associated to the rotation of the R 2 planes in the decomposition R 3.3. Conformal Killing spinor. Another example is conformally flat and SU(2) Rflat metric with T µνa = 0 and conformal Killing spinor. A spinor of this type has been used to localize the physical N = 2 gauge theory on S 4 [23] . The isometry vector field has two fixed points: the north and the south poles of S 4 . In the neighborhood of the north pole the theory is locally isomorphic to the theory in the Omega-background with parameters ε 1 = ε 2 = r −1 where r is the radius of S 4 , counting equivariant instantons F + A = 0. In the neighborhood of the south pole the theory is conjugate to the theory in Omega-background, and it counts equivariant anti-instantons F − A = 0. The complete partition function on S 4 is the fusion of the Nekrasov partition function and its conjugate:
where Z R 4 ;ǫ 1 ,ǫ 2 (a) is the complete partition function in Omega background including the classical and perturbative factors, and a is the gauge Lie algebra equivariant argument of Z R 4 ;ǫ 1 ,ǫ 2 that physically is interpreted as the electrical type special coordinate on the Coulomb moduli space of the N = 2 theory or boundary conditions at infinity of R 4 ǫ 1 ;ǫ 2 for the scalar field Φ a of the vector multiplet. In the formula (3.1) we omit from the arguments of the partition function the parameters of the Lagrangian.
More generally, the cases of Ω-background and conformal Killing spinor could be viewed as the specialization of local T 2 -bundle geometry.
3.4. Local T 2 -bundles. Consider a manifold X 4 endowed with the metric structure of the warped product X 4 = T 2 w 1 ,w 2× Σ 2 where Σ 2 is a Riemann surface, possibly with boundaries, and T 2 w 1 ,w 2 is a flat 2-torus with basis cycles of length (2πw 1 , 2πw 2 ). Here (w 1 , w 2 ) are locally arbitrary functions on Σ 2 . This geomery generalizes the Omega background on R 4 and the standard conformal Killing spinor geometry on S 4 . The ellipsoid solution [32] is a special example of X 4 . Another case was studied in [45] .
Notice that this spinor satisfies the standard reality condition ε 2 = cε 1 where bar is the complex conjugation and c is the Majorana bilinear matrix (A. 45) , and that this spinor is the transformation to the (φ 1 , φ 2 , ρ, θ) frame of the standard conformal Killing spinor ε(x) = ε s + x µ γ µ ε c that was used in [23] for S 4 , where x µ are stereographic projection coordinates on S 4 .
2 In these notations the solution can be easily specialized to the Hama-Hosomichi ellipsoid [32] metrically defined by the equation in R 5 with the standard metric
In the case of round sphere S 4 we set
For the spinor (3.6) we find the bilinear vector field
This vector field is the natural isometry of the T 2 -bundle X 4 . Under the ansatz (3.6), the equations on the background fields V µ i j , T µν , M are inhomogeneous ordinary linear equations, which can be directly solved. Though the system is overdetermined, as there are 32 + 8 linear equations from δψ i µ and from δχ i on 12 + 6 + 1 = 19 components for V, T, M, we find that solution always exists for any T 2 -bundle. Moreover, the solution is not unique; the space of solutions forms a vector bundle of rank three. This is completely analogous to the case of the Hama-Hosomichi ellipsoid [32] .
Below Tμν denote the components of T in the frame (3.4) eμ µ , so that T µν = Tμνeμ µ eν ν . The V denotes the connection one-form of the SU(2) R gauge field D = d + V . The components of the T do not depend on (φ 1 , φ 2 ), and the components of V = iσ I V I , where σ I are the standard Pauli matrices, depend on (φ 1 , φ 2 ) as
whereV is constant in (φ 1 , φ 2 ). The particular solution is
3 In the equation (3.7) ε i denotes the +1 chiral 6d spinors and γ m for the 6d gamma-matrices, while in the equation (3.6) the components of the spinor ε i are presented with respect to the 4d Clifford algebra representation (A.45).
for T components and
are the V components. This particular solution can be deformed by three-parametric family
together with
where c 1 , c 2 , c 3 are arbitrary functions on Σ. The background auxiliary scalar M is
with T 2 invariant metric can be presented as a local T 2 w 1 ,w 2 bundle fibered over a two-dimensional digon Σ 2 . One of the cycles of T 2 w 1 ,w 2 collapses at one edge of the digon, and the other cycle collapses at the other edge:
The coordinates (θ, ρ) on the base Σ 2 are in the range (θ, ρ) ∈ [0,
and the w 2 cycle collapses at θ = 0. Both circles collapse in the corners of the digon. The corner ρ = 0 will be called the north pole, and the corner ρ = π will be called the south pole. The metric on S
is smooth at the cusps and the edges of the digon Σ 2 if the functions f i (θ, ρ) satisfy asymptotically
The metric along Σ 2 is arbitrary in the interior. In particular, taking f 2 (θ, ρ) very large in the interior, it is possible to stretch S 4 ǫ 1 ,ǫ 2 to a very long cylinder with two hemispherical caps attached at the ends. Localization on this geometry presumably is related to the convolution of the ground state topological wave functions with its conjugate by cutting the S
, as in the AGT correspondence [33] with Liouville theory and quantum Teichmuller theory [46, V:9] , and NekrasovWitten construction [47] .
The background fields (3.9)(3.10) and the spinor (3.6) with generic smooth functional parameters c 1 , c 2 , c 3 (3.11)(3.12) is a supersymmetric background only in the interior of Σ 2 . The coordinates are singular at the north and the south poles ρ = 0 and ρ = π. We need to ensure that the spinor ǫ and the background fields V and T are smooth in a proper coordinate system around the poles. At the north pole ρ = 0 we choose approximately Cartesian coordinates
with the standard frame eμ µ = δμ µ . In the x-frame the spinor (3.6) becomes
γ 24 e β 2 γ 34 ε, with
The spinor x ε is not smooth in the x-frame but is SU(2) R gauge equivalent to the conformal class of the standard smooth spinor in the Omega-background [9] (up to the Weyl transformation
):
where non-zero components of Ω are Ω 12 = −Ω 12 = ǫ 1 and Ω 34 = −Ω 43 = ǫ 2 . Namely, forε s = (1 + i)(0, 0, 1, 0) we find
with ε 2 found by Majorana conjugation ε 2 = cε 1 . The SU(2) R gauge transformation relating spinor x ε (3.6) and the Omega-background spinor ε Ω near the north pole is
Requiring that SU(2) R gauge field
) is smooth at the origin, and that components T µν are well defined in the x-frame, we find the parameters
where ϕ(ρ) is any smooth function such that ϕ(ρ) ρ=0 = 1 + O(ρ 2 ) and ϕ(ρ) ρ=π = −1+O(ρ 2 ). Then the gauge field U V is smooth everywhere and T ρ=0 = T − , T ρ=π = T + . In our conventions the spinor ε is of positive chirality at the north pole (transforms under self-dual spacial rotations) and negative-chirality at the south pole (transforms under anti-self-dual rotation). In the zeroth order approximation the theory around the north pole is topological Donaldson-Witten theory that localizes to configurations F + = 0, and the theory around the south pole is conjugated and localizes to configurations F − = 0. In the first order approximation the theory around poles is equivalent to the theory in the Omega-background, and localizes respectively to the equivariant instantons F + = 0 at the north pole and equivariant anti-instantons F − = 0 around the south pole.
With the choice (3.19) at ρ = 0 we find that non-zero components of T = T − are
If the geometry in the neighborhood of the north pole is approximated by the embedded ellipsoid in R 5 with radia (r 1 , r 1 , r 2 , r 2 , r) for r 1 = ǫ
as in [32] then the curvature of the SU(2) R background field at ρ = 0 is particularly simple
One can compare F V with the metric curvature at the north pole and notice the difference: the SU(2) R background field differs from the usual topologically twisted theory. The non-zero metric curvature components in the x-frame at the north pole are 3.7. Other geometries. It would be interesting to study more general four-manifolds with the structure of local T 2 bundle such as S 2 × S 2 or T 2 × Σ 2 where Σ 2 is a Riemann surface.
Localization
Often a supersymmetric quantum field theory with a particular choice of the supercharge can be interpreted as infinite-dimensional version of the Cartan model for Gequivariant cohomology on the space of fields of the theory, see e.g. [8, 53] . The supercharge Q plays the role of the equivariant differential. The path integral is interpreted as the infinite-dimensional version of Mathai-Quillen form for the Thom class of the BPS equations bundle over the space of fields [54, 55] . For example, in the DonaldsonWitten topological gauge theory [8] , the space of fields is the infinite-dimensional affine space of connections A in a given principal G-bundle on a four-manifold X 4 for a compact Lie group G, the group G of the equivariant action is the infinite-dimensional group of gauge transformations, and the fibers of the equation bundle over A is the space of self-dual adjoint valued two-forms. The Mathai-Quillen form for the Thom class, with a choice of section F localizes to the equivariant form on moduli space of instantons, further integration over moduli space is localized to the fixed points the equivariant group action. The equivariant group G = L × G × F is the product of the isometry of the space-time L = SO(4), the gauge group G that acts on the framing at infinity, and the flavour group F . Let T be the maximal torus of the equivariant group T = T L × T G × T F . The coordinates on the complexified Lie algebra of T are (ǫ, a, m) . Physically, the parameters a are the asymptotics at the space-time infinity of the scalar field Φ in the gauge vector multiplet, the parameters m are the matter fields masses, and the parameters ǫ = (ǫ 1 , ǫ 2 ) are the equivariant space-time rotation angular momenta, the Ω-background parameteres. In our conventions the subscript T denotes the dependence on (ǫ, a, m).
The partition function Z in the Omega background can be represented as a product of the classical, perturbative and non-perturbative contributions:
Formally,
where A is the infinite-dimensional space of G-connections on a principal G-bundle E → M with fixed trivialization at infinity, G gauge = Aut(E) is the group of gauge transformations equal to identity at the space-time infinity, Ω 2+ ⊗ g is the infinitedimensional vector bundle over A with the fiber being the space of self-dual g-valued two-forms, S ± ⊗ R is the infinite-dimensional vector bundle over A with the fiber being the space of positive/negative chirality R-valued spinors.
Mathematically, the instanton partition function is
Here we are assuming that G = × i∈I G i where G i are simple factors and I denotes the set of labels for the simple gauge group factors, q = {q i |i ∈ I} is the |I|-tuple of the exponentiated complexified gauge coupling constants q i = exp(2πiτ i ), k = {k i |i ∈ I} is an n-tuple of non-negative integers, k i is the instanton charge (second Chern class) 4 4 For a generic compact simple Lie group G the integer k classifies the topology of G-bundle on S 4 by π 3 (G) = Z. The instanton number k can be computed as
in the conventions where F is g-valued two-form, , is the invariant positive definite bilinear form on g induced from the standard bilinear form on h * in which long roots have length squared 2, the Tr adj is the trace in adjoint representation, and h ∨ is the dual Coxeter number for g. For G = SU (n) the instanton charge k is the second Chern class k = c 2 .
of G i -bundle on the space-time M = R 4 = S 4 \∞ = CP 2 \CP 1 ∞ with fixed framing at infinity, the M k = × i∈I M G i ,k i is the instanton moduli space: M G i ,k i is moduli space of the anti-self-dual G i -connections on R 4 with the second Chern class k i . The integration measure eu T (E R ) is the T-equivariant Euler class of the matter bundle E R → M k where a fiber of E R is the space of the virtual zero modes for the Dirac operator: Γ(S − ⊗ R) → Γ(S + ⊗ R) associated to the hypermultiplet. Here the classical contribution is
where is the standard bilinear form on the Lie algebra of G i normalized such that the long root length squared is 2, and τ is the complexified coupling constant
be the decomposition of the matter representation onto the irreducible, with respect to G, components, with the multiplicity spaces M ℓ ≃ C 
where Reg[] denotes regularization of the infinite product with Weierstrass multipliers. We find the one-loop factors for the theory in the Omega background for vector multiplet and hypermultiplet to be given by
Here ∆ + i denotes the set of positive roots for the i-th gauge group factor G i and P (R ℓ ) denotes the set of weights for the irreducible representation R ℓ . These expessions follow from the equivariant index computation by Atiyah-Singer formula for the selfdual complex and the Dirac complex respectively. The Aityah-Singer formula for the equivariant index of complex C evaluated at the group element g ∈ G ind(C; g) = f ∈fixed points
For the self-dual complex
under the equivariant action z 1 → t 1 z 1 , z 2 → t 2 z 2 we find that each two-dimensional weight space of root α and its conjugate −α contributes as 
and expanding the index in positive powers of (t 1 , t 2 ) one finds the Chern character of the complex. Converting the Chern character (the sum) into the Euler character (the product) we find (4.8).
For the Dirac complex associated with the hypermultiplet of mass m, the weight space w contributes as 2 or from the fact that Dirac complex is the twist of Dolbeault complex twisted by the square root of the canonical bundle. Again, expanding in positive powers of t 1 , t 2 and converting the sum to the product we find the equivariant Euler character, or the one-loop determinant (4.8) for the hypermultiplet.
The explicit expression for Z inst T (q) can be found for example in [22] , [44] and in Y. Tachikawa's review [V:3] in this volume.
Supersymmetric configurations on S
. The path integral for the partition function of QFT with an action S invariant under a fermionic symmetry δS = 0 localizes near the supersymmetric configurations, which are the field configurations invariant under δ. In other words the supersymmetric configurations are the zeroes of the odd vector field δ in the space of all field configurations [8] . The localization theorem is the infinite-dimensional generalization of the Atiyah-Bott formula [5] for the integration of the equivariantly closed differential forms over a manifold on which a compact Lie group G acts
where F ⊂ M is the fixed point locus of G action on M and e(N F ) is the equivariant Euler class of the normal bundle to F . From the analysis of the equations (2.8), similar to the S 4 [23] and the ellipsoid case [32] we expect that the only smooth field configurations that satisfy δλ = 0 for the topologically trivial gauge bundle is the trivial gauge field, vanishing scalar Φ 5 , constant scalar Φ 6 = const =Φ 6 and a suitable auxiliary field Y i j proportional toΦ 6 . It is easy to see that such a solution exists. Under the ansatz F mn = 0, Φ 5 = 0 the equations turn into an overdetermined algebraic linear system of equations on Φ 6 and Y i j , and this system has one-dimensional kernel corresponding to the zero mode of Φ 6 . What is more difficult to show is the absence of other solutions, and presumably this can be shown similarly to the analysis in [56] .
With the ansatz F mn = 0, Φ 5 = 0 and all fermions set to zero, we find the explicit supersymmetric configuration invariant under the δ ε,η (2.8)
It is straightforward to evaluate the classical action on the supersymmetric configuration (4.15) and find
From the explicit solution for the T µν (3.9)(3.11)(3.19), theŶ i j (4.15) and M (3.13) we find that most terms in the action combine into total derivative √ g((
The last term is the only term non-vanishing after integration over S
. It gives
Therefore, the contribution from the smooth configuration of the localization locus for the partition function is
In our conventions Φ 6 is an element of the Lie algebra of the gauge group. For U (N ) gauge group Φ 6 is represented by anti-Hermitian matrices. The bilinear form , is the positive definite invariant metric on the Lie algebra normalized such that the length squared of the long root is 2. For U (N ) group tr f Φ 2 = − Φ, Φ .
where Z 1-loop (Φ 6 ) needs to be computed from the fluctuations of the quantum fields around the supersymmetric background. Since mathematically such determinant is the same as a certain infinite-dimensional equivariant Euler class as in the equation (4.14), it can be computed [23] using equivariant Atiyah-Singer index theorem for the transversally elliptic operators [57] . The Atiyah-Singer index theorem computes the index as the sum of the contributions from the fixed points: the north and the south pole of the S
. The result is that the Z 1-loop factorizes into the product of two factors, each related to the one-loop factor Z The argument of Z
1-loop T
, the equivariant parameter a of the gauge theory in the Omega background, relates to the scalar fields on S 4 ǫ 1 ,ǫ 2 in the way
where v a is the vector field (3.7). At the north pole for the supersymmetric configuration we find
On X 4 it is natural to assume the mass parameter pure imaginary, since the mass can be thought as the fixed background value of the scalar field Φ 6 in the vector multiplet of gauged flavour symmetry, so for convenience we set that mass parameters on X 4 are im where m is real. Then, up to an overall phase, and assuming that the arguments a i and m lf in (4.8) are pure imaginary we find
The classical contribution also factorizes, and using (4.4), (4.5) we find the partition function (4.19) can be rewritten as
The above formula for the partition function takes into account only the perturbative contribution in the localization computation around the smooth solution of the supersymmetric equations. However, the complete partition function on S 4 ǫ 1 ,ǫ 2 is also contributed by the point like instanton/anti-instanton configurations, with point instantons supported at the north pole and the point anti-instantons supported at the south pole [23] . This follows from the analysis of the asymptotics of the localization equations near the north and south poles: the supersymmetric theory on S 4 ǫ 1 ,ǫ 2 near the north pole is approximated by the gauge theory in the Omega-background, and the supersymmetric theory on S the complete formula
4.3. Hypermultiplets. The treatment of conformal massless hypermultiplets is straightforward and is similar to [32] . The mass-term are added by gauging the flavour symmetry, introducing the vector-multiplet for the flavour-symmetry group and then freezing all the fields of this flavour-symmetry vector field to zero except the constant scalar field (Φ 0 ) flavour which then plays the role of the mass parameter.
4.4.
Open problem. It should be possible to classify all possible T 2 -bundle solutions to generalized conformal Killing equations, construct the supersymmetric theories on such backgrounds and localize the partition function generalizing the result (4.24). The symmetrization and anti-symmetrization of tensors
A.2. Spinors. The spinors λ and ε in the (0, 1) Euclidean supersymmetric 6d theory are the holomorphic SU(2) R ≃ Sp(1) R doublets of Weyl four-component spinors, of Weyl chirality +1, for the 6d Clifford algebra over complex numbers C. We take λ ≡ (λ i ) i=1,2 where each λ 1 and λ 2 is 6d Weyl fermion. In total the spinor λ has 8 complex components. 6 6 We construct the Lagrangian and supersymmetry algebra using only holomorphic/algebraic dependence on the spinorial components. In other words, the complex conjugate of gaugino (λ i ) never appears neither in the Lagrangian, nor in the measure of the path integral, nor in the supersymmetry transformations. The fermionic analogue of the contour of integration in the path integral or A.3. Clifford algebra. The 8 × 8 complex matrices γ m represent the 6d Clifford algebra
The chirality operator γ 6d * anticommuting with all γ m is γ * = iγ 1 . . . γ 6 ; {γ * , γ m } = 0; γ
The chirality of the spinors is the eigenvalue of γ * . The projection operators that split
Explicit form of γ m matrices is not needed, but for concreteness one can recursively define the γ
where (σ 0 , σ 1 , σ 2 , σ 3 ) are the 2 × 2 Pauli matrices
We use antisymmetric multi-index notations
and we use underline notation for the multi-index γ r is one of γ m 1 ...mr (A.8)
In the contraction of multi-index we use non-repetitive summation
For the forms we use component and slashed notation
Multi-index contraction identity
the reality condition is not necessary since evaluation the Pfaffian or top degree form is an algebraic operation.
The contraction formula and the completeness of (γ p ) p∈[0,...,d] for d ∈ 2Z in the matrix algebra of 2 d/2 × 2 d/2 matrices implies the Fierz identity
The terms with k > d 2 in the Fierz identity are conveniently represented as
where γ k ∨ is complementary in indices of γ k with a proper permutation sign. The Fierz identity is
This form is useful when applied to the chiral spinors.
A.4. Spinor bilinears. The spinor representation space S can be equipped with an invariant complex bilinear form (, ) : S ⊗ S → C. In components we write The entries s 0 s 1 s 2 s 3 with s r = ±1 denote the transposition symmetry of Cγ r for r mod 4. There are two choices of C denoted by C 1 and C 2 in the table. In representation (A.5) one can take
(A. 19) 7 Often in the physics literature the dual spinor η β = η α C αβ (an element of the dual space S ∨ ) is denotedε and is called Majorana conjugate to ε. We have chosen here to avoid the bar notation to avoid confusion with complex conjugation.
The bilinear form C 2 for spinors in even dimension d can be also used as the bilinear form for spinors in d + 1-dimensions. For the theories with 8 supercharges in d = 4, 5, 6 dimensions we are using C highlighted in the table A.4.
The matrices Cγ r represent bilinear forms on S valued in r-forms, in other words, for spinors η and ε the ω r = (ηγ r ε) (A. 20) transform covariantly as the rank r form. Since
In d = 6 the bilinears in the spinors of the same chirality transform as forms of odd rank; while the bilinears in the spinors of opposite chirality transform as forms of even rank.
(ε + γ r ε ′ + ) = 0 only for r ∈ {1, 3, 5} (η − γ r ε + ) = 0 only for r ∈ {0, 2, 4, 6} (A.23)
The bilinear form valued in 1-forms is antisymmetric in d = 6 for either choice of C.
To construct the standard fermionic action (λγ m D m λ) we need the symmetric 1-form valued bilinear form. For the minimal 6d (0, 1) supersymmetry we introduce a SU(2) Rdoublet of Weyl fermions (λ i ) i=1,2 and then use C ⊗ ǫ, where ǫ = ǫ ij is the standard 2 × 2 antisymmetric symbol, as the symmetric bilinear form on the S + ⊗ C 2 . The resulting 1-form valued bilinear is symmetric and there is a proper fermionic kinetic action
We use the standard antisymmetric 2 × 2 tensor ǫ ij to raise and lower the SU(2) R indices i, j in the pattern i i :
Whenthe SU(2) R indices are omitted, the contraction Notice that∆(6, 1, k) = (−1) k∆ (6, 1, 6 − k). Therefore if we project Fierz identity (A.17) with γ + applied to the α 2 and α 4 indices, we find that terms with even k vanish. In addition the middle term k = 3 vanishes too. Finally
A frequently used form of the above identity involves cylic permutation of three +-chiral spinor doublets ε i , κ i , λ i . Taking the sum of
we find
Now we consider projection of 6d Fierz identity at p = 1 on spinors of opposite chirality. Take +-chiral doublet ε i and −-chiral doublet η i . We find
where at l = 2 the explicit coefficients in (A.17) are given as follows: Hence, from the equations (A.30) we find another useful 6d Fierz identity
A.6. 6d (0, 1) theory conventions. The spinor ε is +-chiral, the spinor η is − chiral
The tensor field T µνa is 6d anti-self-dual, * 6d T = −T . Useful contraction identities
The Bianchi identity on the field strength
Positive chirality of ε ≡ ε + and negative chirality of
The spin-connection and the metric curvatures
The covariant derivative on spinors, the curvature and the Lichnerowicz formula
For the explicit form of spinors we use 4d gamma-matrices, the 4d chirality operator and 4d bilinear form in terms of (A.6)
We decompose
in terms of
with γ 56 * = −iγ 56 . Since T µνa is of negative 6d chirality, the T µν± has ∓ 4d chirality. We define
In terms of the 4d spinors the generalized conformal Killing equation (2.1) takes form
Other 6d -4d notational definitions are
Appendix B. Supersymmetry algebra B.1. The off-shell closure of the supersymmetry on the vector multiplet.
Here we explicitly compute δ 2 on vector multiplet for δ defined by:
provided that spinors (ε, η) with η = 1 4 / Dε satisfy generalized conformal Killing equations (2.3).
We find a contribution of several terms in δ 2 λ i . In the flat space we drop the terms proportional to D µ ε, η and T and find
and together with the δ(Y i j ε j ) we find
Next we account for D µ ε and η terms, still keeping T = 0. The transformation would be complete on conformally flat space. The δ (ηγ µq ε)γ µq λ + (ηε)λ + (ηλ)ε (B.6)
Then we expand the middle term in 4d indices 1 4 (ηγ µq ε)γ µq λ = + and apply Fierz identity (A.14) to the first and the last term in (B.6) to find (εγ µ / T γ q λ)γ µq ε + T µνa (εγ a ε)γ µν λ (B.12)
The term T can be combined with the term c : 
The trace is implicitly implied in all terms. To check the invariance under (2.8) we first consider the flat background with D µ ε = 0, η = 0, T = 0, M = 0. After that we will add the variational terms in conformally flat background, and finally we will add the remaining T -terms. We find modulo total derivative δ flat ( 
